THE ETA INVARIANT OF BERGER SPHERES
AND HYPERGEOMETRIC IDENTITIES

MARTIN HABEL AND MANFRED PETER

1. INTRODUCTION

In the celebrated index theorem of Atiyah, Patodi and Singer [2] for the Dirac operator
on compact Riemannian manifolds with boundary the Eta invariant appears as a global
correction term. It is defined in terms of the eigenvalues of the Dirac operator on the
boundary as follows: If A\ runs through the eigenvalues according to their multiplicities

then the Dirichlet series T
sign
n(s) = ZW; s €C,

A0

converges for sufficiently large s and can be continued analytically to s = 0. Its value
n(0) is called the Eta invariant. If all the other terms in the index formula are known
then the Eta invariant can be computed. But often one would like to compute the index
of the Dirac operator from the formula and therefore other means to compute 7(0) are
required.

Once the spectrum {A} is explicitly known the problem of computing 7(0) is a purely
analytic one. For certain specific examples the spectrum turns out to be parametrized by
finitely many discrete variables in a quite elementary way [1], [3], [5]. Thus techniques
from Analytic Number Theory might be applicable to compute 1(0). If there is just one
parameter the problem is easy to solve (see, e.g., [11], [12]). The case of several parameters
is much harder.

In the present paper the Eta invariant is computed for spheres S*™*! with Berger metric
in which case the eigenvalues depend on two discrete parameters. This is done in two
steps:

(1) The Dirichlet series 7(0) is reduced to Dirichlet series associated with certain
polynomials and thus 7(0) is computed in terms of the residues of the latter series
at certain half integral values.

(2) The residues are expressed in terms of integrals which in the present case can be
explicitly evaluated.

Among the known methods for the meromorphic continuation of Dirichlet series associated
with polynomials [4], [7], [8], [9], [10], Mahlers method [8] turns out to be best suited for
explicit calculations.

Since the Berger metric depends on some positive scaling factor 7' the Eta invariant is a
function of T'. The procedure above in fact shows that 7(0) is a Laurent polynomial in 7'
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and for every given value of m, it can be computed effectively. Unfortunately, the resulting
formula contains rather twisted summations so that not more than this can be seen from
it. On the other hand, evaluations with a computer algebra system show the surprising
fact that for small values of m the Eta invariant is always of the form ¢, (1 —7%)™"!. In
particular, it is a polynomial in 7.

A careful analysis shows that 1(0) being a polynomial in T is equivalent to certain sums
with hypergeometric terms vanishing. We could prove this for all m thus establishing
that 7(0) is indeed a polynomial in 7. But we were unable to prove the much stronger
conjecture that the Eta invariant is always a monomial in 1 — T2,

A Pari-GP script for calculating the Eta invariant for arbitrary m can be downloaded
from http://web.mathematik.uni-freiburg.de/mi/zahlen/home/peter.

Acknowledgements. We thank Prof. C. Bar for posing this problem to us. The
helpful discussions with him are much appreciated.

2. REDUCTION TO DIRICHLET SERIES ASSOCIATED WITH POLYNOMIALS

Let m € N. The spectrum of the Dirac operator on S?"*! with Berger metric for the
parameter 1" > 0 consists of the following numbers with their respective multiplicities:

A©), (=1 \(v) with multiplicities u(v) (v € N),

1 . R TIT Mj(Zl,ZQ)

—)\j[(zl,zQ) with multiplicities milm —1— ) (21,20 € N, 0 < j7<m—1),

( mT2+m—1>
2 )

H v+1i),
1=0
—1)iT?2
Mz =TT o),

Qj(21, 22) 1= [(T2 + 1)(mT_1 _j> ta- 22}2 + 4Tz +m =1 = j) (22 + j),

z1+22+m—1
(21+m—1—j)(22+j

m—1
H 21 +1)(z2 +10).

1=

/’Lj(zla ZZ) =

For m = 1 this result is due to Hitchin [5]. In the general case the spectrum was computed
by Bér [3].

For even m the spectrum is symmetric about 0 and thus 7(0) = 0. So from now
on we will assume that m is odd. In order to simplify computations we assume that
0 <T < 4y/m. Then

Qj(21, 22) > (%2)2 (2.1)



for z1, 29 > 1 and thus
(m—3)/2

n(s) =m(s) +2 Z 12,5(8) + M2, (m—1)2(5), (2.2)

J=0

m(s)=> 2;(,/8)’ (2.3)

> e 2) (A (21,22) 7 = (<) (21, 22) ™) (2.4)

21,2221

2a(8) = e ST =

for sufficiently large Rs.
For the moment, fix 0 < j < m —1 and set p := p;, Q = Q;, a := (—=1)7T?/2. For
Rs > 2m + 1, the Binomial series gives

oir 5 A 2 g () )

zZ
21,2221 21,22>1 L 2 (zlazQ

where the right hand double series is absolutely convergent. For s > m + 1/2, define

the Dirichlet series
DS
Z Q 21, 22

21,2221

Then for Rs > 2m + 1, we have

Du()= X (7)o psinal(*5).

k>0
From (2.1) it follows that there is an € > 0 such that for all § > 0,

DS, Q)(s) <5 (a* + €)™ V2R for Rs > m + % + 0.

Thus the series

—s s+ k

Re= ¥ () earosina ()
k>2m+2
is uniformly convergent for s > —1 4 24, |s| < K, where K, > 0, and consequently
it represents a holomorphic function on s > —1. Furthermore, we have Ry(0) = 0. In
Proposition 4.1 below it will be shown that DS[u, @] has a meromorphic continuation to
C and only simple poles. Thus
2m+1
—s s+ k
Dy(s) = +a)* DS[u, ( ) R
0= 3 ()t psieai(5) + Rete

has a meromorphic continuation to Jts > —1 and its Laurent expansion at s = 0 begins
with

571 2res,_o DS[p, Q)(s) + 5" - 2 Z (£a)* ress_y2 DS[p, Q)(s) +
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Together with (2.4) this proves the following proposition.
Proposition 2.1. Form € N odd, 0 < j <m—1 and 0 <T < 4y/m, the function 1, ;(s)

has a meromorphic continuation to Rs > —1 and is holomorphic at s = 0 with
2( 1)j+1T2 m T4k
mljl(m — 1 — j)! = (2k + 1)4*

772](()) I‘esszk—o—l/Q DS[MJ? Qj](s)
3. THE ONE-PARAMETER DIRICHLET SERIES

In this section we calculate 7;(0).

Proposition 3.1. Let & € C[X] have degree d and o > 0. For Rs > d + 1, define

D(s) := Z (@l

v+ a)s

Then D has a meromorphic continuation to C and is holomorphic at 0 with
d
Z B (a —a)
(I+ 1 ’

=0

where B, is the v-th Bernoulli polynomial.

Proof. By linearity we can reduce the general case to the case ® = X¢. Then

D(s)=> Wta—af 3 <‘ZZ> (—a)* (s — La), Rs>d+1,

v>0 (V + a)s =0

where ((-, &) is the Hurwitz zeta function. It has a meromorphic continuation to C with
a single simple pole at s = 1; furthermore,

(see [14], Section (13-14)). Now the part about meromorphy of D(s) follows. Furthermore,

4. /d B 4 0 (—q)
B _; (z)(_o‘)d | l+(1 =-y ﬁ&“(a)'

=0

Applying this proposition to (2.3) gives
Corollary 3.2. Let m € N be odd and 0 < T < 4y/m. Define ® := [[75" (X + ). Then

2 o= Bi(mT?+m+1)/2)
n0) = oy 3 AR (-

mT2+m—1>
5 .



4. THE TWO-PARAMETER DIRICHLET SERIES

Let p and @ have the same meaning as in Section 2. The residues of Du, Q] are
calculated in three steps.
First we get rid of the linear and constant part of ) in the denominator. Set

P, = (zl — 22)2 + 4T221Z2, P = Q — P
Then it follows that, for s > m + 1/2,

( ) ) - P "
psa) = ¥ S () (Fen)
21,2021 21422 > K h>0

21, %
IR SR
21,2921 21422 <K 1, <2
where K > 1 is choosen such that |P/P(21,22)| < 1/2 for 21,20 > 1, 21 4+ 20 > K. Let
H € N. Then

—5 h (uPl') (21, 22)
z1,22>1: z1+22<K ’
h
anz) (s (B
" 2 Py(21, 20)° 2 ( h ) (P2(Zl’22)) '
21,2221 21429 > K h>H

The last double sum is absolutely and uniformly convergent for s in a compact subset of
Rs > m — H/2. In Proposition 4.3 below we will show for arbitrary P € Clzy, 22| that
DS|P, P;] has a meromorphic continuation to C with only simple poles. Thus we have
the following proposition.

Proposition 4.1. The Dirichlet series DS|u, Q] has a meromorphic continuation to C
with only simple poles. For k € Ny, we have

ress—p+1/2 DS, Q](s) = Z (—k —1/2

b ) ress_pix1/2 DS[UP, P)(s).
0<h<2m

In the next step we reduce DS[P, P,| to parameter integrals. Let ¢ € C*°(R?) with
¢(x) = 0 for ||z|| < 1/2 and ¢(z) = 1 for |jz|| > 1. A twofold application of Euler’s
sum formula (see, e.g., [13], Chapter 1.0, Theorem 4) gives, for P € Clzy, 25|, d := deg P,
Rs > (d+2)/2, L €N,

P
DSIPPYs) = 3 2z, )
21,22>1 2
—1)lBl © g-1 p
=DI?[P, P,](s) — ( / —(21,0)dz
[ 5 (5) 1;L l! 1 52%—1 PQS( 1,0) dz
-1)!B; [* 9t P
- Z (=B —(0, 29) dza + h(s), (4.1)

l‘ 1 aZi_l P2S

1<I<L
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where

P
DI2[P, Pg](S) = / —8(21, Z2> ledZQ, Rs > —_—,
Izr,z2)1>1 Fo

and h(s) is holomorphic on Rs > (d + 2 — L)/2. The mollifier ¢ is used to cut out the
critical point (0,0) and only appears in the terms collected in h(s).

The next proposition is concerned with the meromorphic continuation of the onedimen-
sional integrals.

Proposition 4.2. Let P = 2}'25, u,v € Ny, and | € Ny. For fts > (v+1)/2, define

pIt P Pyells) = | L0 2y
] (s) = ——(0, 29) dzs.
(z1) 4042 . 8211 P25 ) <2 2
This function has a meromorphic continuation to C with only a simple pole at s = (u +
v+1—1)/2 and residue

i 3 ((1 —u —kv - l)/Q) (i) (4T? — 2%,

k>k>0:2k—k=Il—u

Proof. There is some € > 0 such that for Rs > (v +1)/2, 0 < z; < €, we have

< P o T
J(s,21) ::/ —(21,22) dzg = zf/ 25725<1 + (4T% — 2)= + —2> dzo
1 1

Py Ze 25

_ 0 2k
u S v—28 21 ?
:le(k)/l 22 ((4T2—2)Z—2+z—;) dz

2

—3 k 1
U 4T2_25 2k—kK .
le(k) Z (Fo)< )z 2s —v+2k—-Kk—1
k>0 0<r<k

If € is choosen small enough then for every compact K € C the double series, after
removing finitely many terms, converges uniformly for s € K, |z;| < e. Thus J(s, z)
has a meromorphic continuation to C x {|z;| < €} and I(s) = (8'J)/(9z})(s,0) has a
meromorphic continuation to C with only simple poles. They lie at s = A/2, A € Z,
A < v+ 1, and have
I
ress—x/2 1(s) :a—zi ress—x/2 J (8, 21) |21:0

A5 (0

E>k>0: 2k—k=v+1—X z1=0
il =2\ (k
=— 4T? — 2)"
2 i)
k>k>0: 2k—k=v+1—X
if u+v+1—X=1[andress_y/ I(s) =0 otherwise. O

In Proposition 4.4 below it will be shown that DI?[P, P;] has a meromorphic continu-
ation to C with only simple poles. They lie at s = A\/2, A € Z, A < d+ 1. Thus (4.1) and
Proposition 4.2 give
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Proposition 4.3. Let P € C[z, 29] with d := deg P. Then DS[P, P,] has a meromorphic
continuation to C with only simple poles. They lie at \/2, A\ € Z, A < d + 1, and have

ress—y/2 DS[P, Py)(s) =ress_y 2 DI’[P, P|(s)

—1)+1p
+ > Lresszwmgzl)[apg;z-1](3)

|
1<I<d+2—X i
(1B
+ Y T TS DI} [P, Py; 1 — 1](s).
1<I<d+2—-X
The last step in the calculation of the residues of D|[u, Q] is
Proposition 4.4. Let P = 292579, 0 < g < G, with G odd. Then DI?[P, P,] has a
meromorphic continuation to C with only a simple pole at s = (G + 2)/2 and residue
(G-1)/2

(G -1)/2)! 2 (G =1)/2 =)' (g = (G +1)/2+p
4ATEHG! ; g ! ( 2u )

Proof. The idea is to introduce suitable polar coordinates so that the curve Py(z1,29) = 1
corresponds to r = 1. For 0 < T' < 1, set

(cosgb sing  cos¢ n sin ¢ )
2  21-T72" 2T  2/1-T2
V1-— T2>

=7 (Zl<§b>7 Z2<¢))?

(21,22) =

r>1, ¢ < arctan(

T

For T' > 1, set

( ) <coshq5 sinh¢ cosho sinh ¢ )

21,29) =T — , ,

n 2T  2yT2—1 2T  2yT2—1
T2 —1
r > 1, |¢| < arctanh <7>
T

For T'=1, set

(z1,20) =7r-(t,1—=1¢), r>1,0<t<1.
We will give the proof only in the first case. For fts > (G + 2)/2, we have
arctan(v/1-T2/T)
2T\/ 1—1T7 / /arctan (V1=T2/T)
1 1 o9\ (G —g
— _1)9-a
2TV1—T225s— G —2 O;Q =1 (a)( b )

0<b<G—g

DI?[P, PyJ(s) = IO (9) 22(0) dg dr

arctan(v/1—1T2/T)
X (2T)_“_b(2m)“+b_G/ (cos @) (sin )~ dep.

—arctan(v/1-T2/T)
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If a + b is even the integrand is odd and the integral vanishes. Therefore we set a + b =
G —2p, a =g —t, and get for the sum
(G-1)/2

e B 5 )6

0<:t<g:
0<2p—1<G—g

arctan(v1—T2/T)
X / (cos ¢)9 7% (sin ¢)* d.

arctan(v/1-T2/T)
Substituting 7 = sin ¢ gives for the integral

=72 (G-1)/2—p G-1)/2 — 1 — T2+
/ (1= )OI =21 -T2 Y (—1)”/(( )/ p) a-7)"
VIT? = g 2p+2v+1

Putting everything together gives
(G-1)/2 (G-1)/2—p

, | 1 (G —1)/2 — p\ T?(T? — 1)

y
L G- g
: 23 “UQN@-)'
0<1<g:0<2p—1<G—g

Now the residue R at s = (G + 2)/2 will be simplified. The binomial theorem gives

. :ﬁ (Gfi/2 [yun i Z (—1) <gj) (G —_g)

©=0 p=0 0<20pg_bégé_g 210
(G=1)/2—p
G-1)/2— 1
x Y (-1)7(( )/ p)( 7 )— (4.2)
y w—p)2p+2y+1

v=0
It is well known (see, e.g., [6], equation (5 - 42)) that, for n € Ny, f € C[X], deg f < n,

i(—w”(j)ﬂu) o (13)

(G2 - o)

is a polynomial in v of degree p — p —1 < (G — 1)/2 — p. Therefore replacing (ulp) by

(J)-(" - ?) in (4.2) makes the innermost sum vanish. Thus
p=p p=p

b 2 r(62)()

0<2p—1<G—g

Now

(G-1)/2-p
<% (T g



Furthermore,

no(_l)y(TD x Jlr v (et 1>7'1'!' (z+n)

(see [6], equation (5 -41)). Thus

N (<R V- R "L (G -1)/2p
R =5ar)en ; T2 132 @) ;(G 1)/2 - )

x Z (-1)&(3)(2__“1). (4.4)

0<2p—1<G—g
In Lemma 4.6 below it will be shown that the two inner sums equal
(9 (G /244
21 '
Plugging this in (4.4) proves the proposition. O

Lemma 4.5. For a € C, n € Ny, we have

s () () e (l)

Proof. The following elegant argument is due to E. Wirsing. Using the identity (i) =
(—1)F(*727") gives for the left hand side

2 ()0 e S () () - ()

Lemma 4.6. Let G € N be 0dd, 0 < g <G and 0 < a < (G —1)/2. Then
(G-1)/2

S ((G — 13/2 - p) 3 (_1)L(!LJ> (fp—_i) _ (—g)G-2-1 (é]:;@—_ll)‘

p=0 0<<g: 0<2p—1<G—g

Proof. Consider the formal power series

5 (- v

a
v>0

Then the (G — 1)-st coefficient of
9a(X) == (1= X)7(1+ X) 77 fu(X?)

(OO0

L+)\+2u G 1

18
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-2 OGS

SLx9,USpS

0<2p—1<G—g

which is the left hand side of the identity. On the other hand,
0a(X) = X*(1 = X)ro (14 x) 0!
and thus its (G — 1)-st coefficient is
Z (_1)u<g_a—1)<G—g_G_1>:(_2)0—1—2a(9—a—1>
wp>0: ptv=G—1-2a v H G—1-2a
by Lemma 4.5, which is the right hand side of the identity. 0

5. THE ETA INVARIANT AS A FUNCTION OF T

For any given odd m € N the Eta invariant can be computed from (2.2), Corollary 3.2
and Propositions 2.1 and 4.1-4.4. In particular, it is clear that 7(0) is always a Laurent
polynomial in 7. The next proposition gives more precise information.

Proposition 5.1. For m € N odd, the Eta invariant n(0) is always a polynomial in T as
long as 0 < T < 4y/m. In particular,

lim 5(0) = 2 ¢ Bia((m+1)/2) o0 <_ m — 1>'

720 ml & (I+1)! 2

Proof. 1t is sufficient to prove that
T ves,—yr172 DSy, Qj](s)
is a polynomial in 7" for all 0 < 7 < m — 1, £ > 0. Then we have in particular
Lim 7(0) = lim 7, (0)
and the formula follows form Corollary 3.2.
Fix0<j3<m-—1 k>0, and let u, ), P, and P, have the same meaning as in

Section 4. Propositions 4.1, 4.2 and 4.3 show that it is sufficient to prove that for all
u,v € Ny, u +v < 2m — 1, the sum

—k—1/2
S =T Z ( y / >I‘685h+k+1/2 DI*[225 P!, Py(s)

0<h<2m
is a polynomial in 7. Set X :=m — 1425, Y :=3(m — 1) — 2j. Then
T4 T? 1
P=—(X-Y)?-—(X*-6XY +Y?)+ —(X -Y)
1 =75 T XY+ + 1l )

1 1
and

S =T Z L (T—4(X—Y)2— T—Q(X2—6XY+Y2))Q
et alBlyIN 16 16

atpB+y<2m




11

< (X 1ryy Y ("f;l/?) 3 5%‘0 yibec(_)e

a+p+y<h<2m 5,6,(>0:
StetC=h—a—F—vy

X (X = V) ves i pi1jo DI? [ZUFPre st P(s).
Thus it is sufficient to prove that for all a, 5,7 > 0, o, 8,7 < 2m, the sum

—k—1/2 h!
2(k+o+G+7) —45—e—C
T DY ( h ) 2 jaa

a+pB+y<h<2m 5,6,(>0:
StetC=h—a—f—v

x (—1)9(X — Y)26+6+C I€Ss=h+tk+1/2 Dr? [ZFMEZSHH, B](s)

is a polynomial in 7. From Proposition 4.4 it follows that the residue does not vanish at
most for h +k+1/2 = (u+v+ [+ v+ e+ (+2)/2. Introducing this new summation
condition gives § = —h—2k—a+14+u+v and 20+e+( = —2k—2a—[F—~+1+u+v =const.
From now on we will use the convention that summands are 0 which contain factorials w!
or binomial coefficients (Z) with w < 0. Therefore we must prove that the sum

[ -—T2k+at+p+7) Z %(_k - 1/2>
! h

a+pB+y<h<2m:
S:=—h—2k—a+1+utv
h!
X e'—C'Z%(_l)E reSepikr1/2 D2V TP P (s)
€,(>0: T

e+(=2h+2k—B—v—u—v—1
is a polynomial in 7. From Proposition 4.4 it follows that

3 ﬂhflTQM(h+k—1—u)!(zu)!
o 2

T2 1!
a+B+y<h<2m
(6:=—h—2k—a+1+u+tv)

(=) (u+f+e—h—k+pn
X > il ( 20 ) (5.1)
€,(>0:

e+(=2h+2k—B—y—u—v—1

L\ T2(e+B8+7)
2(2k)!

For m,n € Ny, z € C, we have the identity
- n\ [(v+z z
—1)” =(=1)" 5.2
S ()(n) = () (5:2)
(see, e.g., [6], equation (5-24)). If 2h +2k — 3 — v —u — v — 1 < 0, the innermost sum
in (5.1) is empty. In the opposite case, equation (5.2) gives the value
(_1)ﬂ+'y+u+v+1 u+ﬁ —h— k+ﬂ
2h+2k—F—~v—u—v—D)\2u—2"h—2k+0B+~v+u+v+1)
Thus in any case,
U (—1)f+rtutvl prp2(ati+y) (—D)PT2W=P) (b 4k — 1 — p)!
B 2(2k)! Z (=h =2k —a+1+u+v)!

atf+y<h<zm
0<pu<htk—1
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(2u)! ( u+B—h—Fk+u )

X
wh+2k—0—~v—u—v—D)\2u—2h—2k+08+v+u++v+1

In order to prove that U is a polynomial in 7" we must show that, for p € N, p > a+ [+,
the (a + 8 + v — p)-th coefficient of U vanishes, i.e.

u+pB—k—p
—2p—-2k+B+y+utv+1

(~1)"(2h — 2p)! )
ng(—h—%—(”1+“+“>!(h—P)!(2h+2k—6—7—u—v_1)! =0. (5.3)

The various summation conditions are implied by the convention on factorials and bino-
mial coefficients. If d := —2p — 2k + 3+ v+ v+ v + 1 < 0 then the binomial coefficient
vanishes. In the opposite case, we have n .= —p —2k+1—a+u+v > d > 0 since
p > a+ [ +. Thus (5.3) is equivalent to

() (M) =0

heZ
This last identity follows from (4.3) since d < n. O

6. A CONJECTURE

Numerical calculations for the first few m showed an astonishing fact: In all cases the
Eta invariant 77(0) not only is a polynomial in T but it is of the form ¢,,(1 —T?)™*!. The
constant ¢, can easily be deduced from Proposition 5.1. Thus we make the

Conjecture. For m € N odd and 0 < T < 4y/m, we have
n(0) = e (1 — 77",

where
o e 2N Binlm+1)/2) ®m< m 1)
" m! I+ 1) 2
1=0
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