THE PARSEVAL EQUATION FOR ALMOST PERIODIC
ARITHMETICAL FUNCTIONS

MANFRED PETER

ABSTRACT. Almost periodic functions and integrable functions show striking similari-
ties. In this paper the convergence of the Fourier series of almost periodic functions on
Z is investigated and Parseval’s equation is generalized. The underlying philosophy is
to identify theorems for the space of g-integrable functions L?[0, 1] which have an ana-
logue in A?. Theorems relying on more abstract functional analytic properties have the
greatest chance to be transferable.

1. INTRODUCTION
For f:7Z — C, 1 < q < 00, define

1/q
1fllq = (hmsup AT, > |f(n ) €[0,00], |[fllu:=sup{|f(n)||n € Z}.

In|]<N

Let A be the complex vector space generated by the functions e,, o € R, where e, (n) :=
e(an) = e*™n n € 7, a € R. f is called g-almost periodic (uniformly almost periodic)
if for every € > 0 there is some g € A such that ||f —g|l, <€ (||f — 9|l < €). The set
A? of all these functions becomes a Banach space with norm || - ||, if functions fi, fo with
| f1 — f2ll; = 0 are identified. For the space A" of uniformly almost periodic functions this

is unnecessary. For 1 <p < ¢ < oo, A* C A7 C A” C Al. For f € A', the mean value

In|<N

exists. The numbers f(a) := M(fe_y), o € R/Z, are called the Fourier coefficients of f.
For the theory of almost periodic functions on N, see [10]; on R, see [1]; and on general
topological groups, see [7].

The main tool in this paper is the Cauchy convolution f x g of two functions in A'. In
section 2 its functional analytic properties are listed. An immediate conclusion is

Theorem 1.1. Let f € A?,. g € AL 1/p+1/q = 1 (p,q € [1,00) U {u}) and
> acryz | f(@)g(—a)| < oco. Then forn € Z,

1 _
dim omg 2. fm+mg(m %f €a(n).

|m|<N
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In section 3 projections of almost periodic functions onto subsums of their Fourier series
are constructed. This is the key to the following three results. Let D be the space of all
periodic functions on Z, and DY its closure in A%

Theorem 1.2. For f € D? (q € [1,00) U {u}),
. ~/a
R S
r|R!, 1<a<r: (a,r)=1
wn DI,
This is a generalization of a result of Hildebrand ([10], Chap. VI, Theorem 5.1). In the

case of g-integrable functions (1 < ¢ < o0) a theorem of M. Riesz shows that much more

is true: fis the L9-limit of its Fourier series when the latter is summed in natural order
(see [3], 12.10.1).

Corollary 1.3. For f € D?, gD, 1/p+1/g=1 (p,q € [1,00) U{u}),

o3 () -,

r|R!, 1<a<r:(a,r)=1

Again in the case of integrable functions and 1 < p, g < oo, much more is true (see [3],
10.5.4).

Theorem 1.4. Let f € A? (p € [1,00)U{u}) and assume that the elements 0 # o € R/Z

-~

with f(a) # 0 are linearly independent over Z. Then

F=> flaea

a€R/Z

in AP, If g€ A1, 1/p+1/q =1, then
M(fg)= Y f@)3(a),

a€R/Z
the sum being absolutely convergent.

This result is already known for uniformly almost perodic functions on R ([1], Chap. I,
§ 10.1).

There is an analogous notion of almost periodicity for measurable functions f : [0, 00) —
C. Let

Ax) = Zd(n) —z(logx +2y—-1), z>1,

n<x

be the remainder in Dirichlet’s divisor problem, and
F(t) :=t"'2A@?), t>1.

Combining the results of Heath-Brown [5] with the reasoning in the proof of Theorem 1.4
gives



Theorem 1.5. Let K > 2 such that
X
/ |A(z)[Fda < XA (1.1)
0

for every e > 0 (for example, K = 28/3 is allowed). Then for q € N, ¢ < K,

M) =228t 3 (V) eos (Fla-2)) S

0<p<q/2

if q is odd; if q is even, there is the additional summand

(1, )sar20
Here

S(pg) = d((:;l‘): ,'é()’;}j), 0<p<aq/2

where my, ..., mg run through all natural numbers such that \/mi+-- -+ /M, = \/Mpi1+
.. + /mq.
The existence of M (F?) was already proved by Heath-Brown [5]. In cases ¢ = 3 and 4,
Tsang [11] even got results about the rate of convergence and gave series representations
for M(F?). Theorem 1.5 extends these representations to all cases covered in [5].

The next result is proved by transfering the result of M. Riesz mentioned above to a
special type of almost periodic functions.

Theorem 1.6. Let F': [0,1] — C be Riemann integrable, « € R\ Q and define f(n) :=
F({an}),ne€Z. Let

1
F(k) ::/ F(z)e(—kz)dx, ke€Z,
0
be the Fourier coefficients of F.
(a) For 1 <g<oo, f € A? and
f= lim Y F(k)era
|k|<K
in A9,
(b) If g € AP, 1 < p < o0, then
M(fg) = lim " F(k)g(ka).

|k|<K

Note that for p > 2 the second part can be proved without using the theorem of
M. Riesz.

Corollary 1.7. Let g€ AP, 1 <p< oo, a e R\ Q, and 0 <a <b< 1. Then

: 1 e(kb) — e(ka) .
]\}liréo 2N +1 Z 9(n) = (b=a) )+ Z 2mik ok k),
[n|<N:{an}€la,b] k#£0
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where the series is to be summed symmetrically. In particular for g € DP,

| 1
Jim o D 9 = (b-a)M(g).

[n|<N:{an}€[a,b]

The second part of this corollary can be proved without appealing to M. Riesz’ theorem.
The last two theorems give further conditions under which Parseval’s equation with
the natural order of summation is true. The first condition restricts the growth of the
Fourier coefficients of one of the functions and thus allows to apply the Hausdorff-Young
inequality. The second condition restricts the space of the permitted almost periodic
functions and thus Hildebrand’s deep theorem ([10], Chap. 5, Theorem 1.2) can be applied.

Theorem 1.8. Let 1 <p<2 2<g<oorq=u, l/p+1/g=1, f € A, g € A? and
Y ez [G(@)|P < 0o Then

a€R/Z
where the series is absolutely convergent.

cp 1= Z €a/r

1<a<r: (a,r)=1
be the r-th Ramanujan sum. Let B be the complex vector space generated by the Ra-
manujan sums and B its closure in AY. For f € A,

a-(f) = M(fe,
is called the r-th Ramanujan coefficient of f.

Theorem 1.9. Let f € B, g € B, 1/p+1/q =1 (p,q € [1,00) U{u}). Then for

a € Z\{0},
R 2N +1 Y flnta)g(n) =) al(f)a(g)e(a).

n|<N r>1

For r € N| let

The left hand side, as a function of a, is called the correlation function of f and g. For
related results, see Schwarz [8], [9].

Acknowledgements. I would like to thank the referees for their comments on this
paper which led to substantial improvements.

2. THE CAucHY CONVOLUTION

In sections 2, 3 and 6 some results from Fourier theory are cited which are well known
in the general theory of compact groups. In the present situation it is also possible to give
straightforward elementary proofs for them. Instead of doing this I give some lemmas

which might serve as hints how to prove the results elementarily.
For f,g:7Z — C, N € N, define

an— g(m), ne€Z.

Im|<N

2N+1



Theorem 2.1. (a) For f e A?, g€ A' (p € [1,00) U{u}),
fxg:= ]\}lilgo Cn(f,9) (2.1)

exists in AP, and

1< glly < 1 Fllpllgll1- (2.2)

(b) For fe AP, g€ A%, 1/p+1/q=1 (p,q € [1,00) U{u}), f x g can be chosen to
lie in A", such that

fxgn) = lim Ox(f,9)(n), n€Z, ||f > gllu <[ fllpllglla-
(c) For f,g € A, f><g—g><fm.A1
(d) For f.ge A', fxg=Ff-3.
The next theorem gives an important approximation property of the convolution.

Theorem 2.2. For every f € AP (p € [1,00)U{u}) and € > 0 there is some g € A" such
that

g>0,M(g)=1,|f—fxygl,<e

In the case of L?[0, 1]-spaces g can be choosen independently of f in the following sense:
If (gn)n>1 is a Dirac sequence then || f — f X g,||, — 0 as n — oo for every p-integrable f.
In the case of AP it can be shown that this stronger version is false.

Corollary 2.3. For every f € AP (p € [1,00) U{u}) and € > 0 there is some g € A with
I f — gll, < € and the property: If f(a) =0 for some o € R/Z, then g(a) = 0.

Corollary 2.4. Let f € A (p € [1,00) U{u}) and f: 0. Then f =0 in AP.
Proof of Theorem 1.1.

Zf a)e, € A”

a€R/Z

since the series is absolutely and uniformly convergent. Define ¢*(n) := g(—n), n € Z.
By Theorem 2.1(d),

> g(a) = fl@)g(a) = fl@)j(~a) = h(a), acR/Z
By Theorem 2.1(b), we can choose f x ¢g* in A" with

Jim Cn(f,g%)(n) = f > g"(n), ne.

By Corollary 2.4, f x g* = h. Thus for n € Z,

S Fle)g(-alealn) = hln) = £ x () = Jim ~— 3™ fln—m)g(—m)

a€R/Z |m|<N




3. A PROJECTOR

Let L C R be a finitely generated Z-module with Z C L. Let U := LN Q. L is finitely
generated and torsion free. Thus U has the same properties. Any two elements in U are
Z-linearly dependent. Therefore U is cyclic with some generator a/t, a,t € N, (a,t) = 1.
Since 1 € U, there is some b € Z with ba/t = 1. Therefore alab =t and a = 1. L/U is
finitely generated and torsion free. Consequently there are 3y,..., 3, € L with

LIU=EDZ- (8, mod U)
p=1

and thus
. 1
L= 7 - 7 - —.
Dot

For N € N, define
1
Ky =—— .
N (N + 1) Z Z Ca €A

0<K1,...Kr<N  [k1|<Kq,.|kp|<Kp, 0<T<t—1:
=k B1+ ke frtT/t

Lemma 3.1. KN Z 0, M(KN) = 1, ||KN||1 =1.

~

For f € A, define T f := 3" o 5 f(@)eq.
Lemma 3.2. For f € A, limy_... C(f, Kn) =Tpf in A"
Lemma 3.3. Forp e [1,00) U{u} and f € A, |[TLf|l, < [Ifll,-

Ty f is the projection of f onto a subsum of its Fourier series. The lemma above shows
in particular that this projection is Lipschitz continuous.

Theorem 3.4. Let L C R be a finitely generated Z-module with Z C L and p € [1,00) U
{u}. There is a bounded linear operator Tép) : AP — AP with the properties:
(a) |77 <1
(b) If f € AP then @(a) = f(oc) for o € L/Z and @(O&) = 0 otherwise.
Proof of Theorem 1.2. For N € N, define
Ly = {%‘a €Z,reN, (a,r)=1, r|N}.
Ly is a Z-module in R with Z C Ly. For g € D, let

~fa
gn ‘= Z g (;) €a/r eD.
r|N,1<a<r:(a,r)=1

—

If @ € R/Z, Theorem 3.4(b) gives Tg\ag(a) =g(a) for « = a/rmod 1, r|N, 1 < a < r,

(a,7) = 1, and TL((gg(a) = 0 otherwise. Thus Tgﬁg = gy and TL(‘j\zg = gy in A? by
Corollary 2.4. For f € D9, € > 0, choose g € D with || f — g||; < e. Choose Ry € N with

{o e R/Z|G(er) # 0} C Lgy/Z.



Then for R > Ry, gr = g, and by Theorem 3.4(a)
If = Srlle < 1 = gla + 1 = Dally < e+ I1TED (9 = g < 2e.

0
Proof of Corollary 1.5. Holder’s inequality gives for R € N
~ra a ~ra
M(fg) — g (- = — — 7]
- > @) = p(0- X F(E)en)s)
r|R!, 1<a<r: (a,r)=1 r|R!, 1<a<r: (a,r)=1
~/a
<= X )] ol
r|R!, 1<a<r:(a,r)=1 D
By Theorem 1.2, the right hand side converges to 0 as R — c0. U
Proof of Theorem 1.4. Let
A={0#aeR/Z| fla) £0} =] 4,
j>1
where A; C Ay, C --- is an increasing sequence of finite sets. Let L, be the Z-module

generated by A; and 1. For g € AP with {O #a€eR/Z } g(a) # O} C A, define
gi=Y_ Gla)e, €A

OzGAjU{O}

If o ¢ L;/Z, TL g( ) = 0 = g;(«). The same holds for a € L;/Z, g(or) = 0. Now let
a€ L;/Z, §(o )7&0 Then o =0mod lora € A, and a =} 5., ¢, cg € Z for 3 € A;.
Since the elements of A are Z-linearly independent, a@ € A; in case a # Omod 1. Thus

T g(a) = g(a) = gi(). If follows that T;”'g = g; and T}" g = g; in A”.
Now let € > 0. By Corollary 2.3 there is some g € A with
If =gl <€, B:={0#acR/Z|g(a)# 0} C A
Choose jo € N with B C A;,. For j > jy, g; = ¢g and thus
1f = Fills < 1F = gllo + 1t = £ally < e + 1T (g = £l < 26
by Theorem 3.4(a). This proves the first part of Theorem 1.4. The second part is proved
just as Corollary 1.3. O

4. MOMENTS OF THE REMAINDER IN THE DIVISOR PROBLEM

For a measurable function f : R — C, the p-norm (1 < p < 00) is defined by

1/p
171 = (timsup [ o)

11l == sup {|f(2)| | = € R}.
The definition of the space A% of p-almost periodic functions on R (p € [1,00) U {u}) is
completely analogous to that of AP if A is replaced by Agr which contains all trigonometric
polynomials defined on R. The theorems and proofs of sections 2 and 3 can now be

and the u-norm by
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translated verbally into this new situation. All we have to do is to replace sums by the
appropriate integrals. In particular, the analogue of Theorem 3.4 is

Theorem 4.1. Let L C R be a finitely generated Z-module and p € [1,00) U{u}. There
is a bounded linear operator Tép ) AR — AL with the properties:

() IT7I<r
(b) If f € A% then T(p fla) = f( ) for o € L and T(p)f( ) =0 otherwise.

Let Afo 00) be the space of p-almost periodic functions on [0, 00) which is defined simi-
larly.

Proposition 4.2. Forp € [1 oo) U{u} the restriction
Ap_> [0 )7 for[O,OO)

—

is an isometric isomorphism. For f € AR, f: u(f).

Proof. (a) Let f € Ag. It is shown that ||f|l,& = ||f|lp,0,00)- First let 1 < p < oo and
e > 0. Approximate z — [z[P? on {z € C||z| < ||f|lur} by a polynomial P(Rz, 3z) with
error < €. Let g := P(Rf,Sf). Then ||f(z)[” — g(z)| < e for 2 € R and therefore

P — Ma(9)| < Me(||fIP —g]) <e
WNWM—MWNNS%MWW—WSE

On the other hand, g € Agr and therefore Mgr(g) = My )(g). This gives |||f]|£,R -
Hng’[O’oo)} < 2¢ for all € > 0 and hence the result.

Now let p = u. Let A := {a € R|f(a) # 0}. Since n — (€a(n))aca, is a bounded
sequence in ClAl there is a sequence 1 < mny < ny < --- in N with ng; — ngy — oo and
(ea(ni))aca — 2z € CM as k — oco. Then eq(npi1 — ni) = ea(npr1)/ea(ng) — 1 as
k — oco. Let x € Z. Then for k sufficiently large,

[f(@)] < 1f(@) = fl@ + nepa = ne) [+ [ (2 + niga — ne)]
SR 11 = ealnrer — 1)l + [ oo
a€cA
As k — oo, |f()] < || flluo,00) for € Z, and hence the result.

(b) Let f € A%. Choose a sequence (g;)j>1 in Ag with ||f — g;ll,g — 0 as j — oc.
Then || f||p,0,00) = Moo [|g5]Ipj0,00) = limjoe [|gj]lpr = [|flpr- Thus ¢ is isometric and
in particular injective.

Let f € Af()’oo). Choose a sequence (g;);>1 in Ag with || f — g;lp0,00) = 0 as j — 0.
Then (g;);>1 is a Cauchy sequence in A][?O,oo) and by (a) also in Aj. Let f* :=lim;_, g;
in A%. Then in particular ||f* — Gillpjo,00) = IIF* = gjllpg — 0 as j — oo and therefore
L(f*) =lim;_g; = fin [0 . Thus ¢ is surjective.

(c) Let f € AR, a € R. Choose a sequence in Ag with ||f — ¢;|l,g — 0 as j — oc.
Then || f = gj/p,j0,00) — 0 and therefore

fla) = Jim Me(gje—o).  o(F)(a) = lim Min)(g;¢-0)

J—00
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~

Since gje_o € Ar, Mr(gje—a) = Mip,00)(9j6—a). Hence f(a) = L(/f\)(oz). O

This proposition shows that Theorem 4.1 holds verbally also for functions in .A’[’O 50

p € [1,00) U {u}.
Proof of Theorem 1.5. Heath-Brown ([5], Section 5, Equation (5.2)) proved that F €
Az ) and

[0,00)

d(n) CFT/A e N
27/ 2n3/4 ’ ’

and ﬁ(oz) = 0 otherwise. He also showed ([5], Lemma 4) that if (1.1) holds for some
K > 2 and arbitrary € > 0 then ||F||, < oo for all 1 < ¢ < K. A standard argument then
shows that F € A([IO,OO) for 1 < ¢ < K. According to Besicovitch [2], the square roots of
positive squarefree integers are linearly independent over Q. For N > 1, define

Lvi= & z-2vn

n<N:pu(n)?2=1

d(nr?) . 4
j - —sign(r)im/4 . 41
N Z Z 27ry/2n3/4|r[3/2 ¢ €2ry/n (4.1)

n<N:u(n)2=1 reZ\{0}

F(£2/n) =

Since the series is absolutely convergent, Fy € Aﬁ]m). If « € R\ Ly, Theorem 4.1 gives

—

ngF(oz) =0= ﬁv(a). The same holds for o € Ly with F(o) = 0. If @ € Ly with

—

F(a) #0, then a = 2ry/n, r € Z\{0}, n € N, u(n)®> = 1, and T, F(a) = F(a) = Fy(a).
Thus T, F = Fy and T\ F = Fy in A .

N
For fAG Ajo,00), by the definition of TL(C]13 as an extension of 17, T, gv) f=Tf =
S acry Fl@)eq in AL
Next Fy — F in Afo o) 88 N — oo is proved. For € > 0 choose f € Ajg) with
[F" = fllg0,00) < € and f(oz) = 0 for all & € R with F\(a) = 0. Choose Ny > 1 such that
{a € R| f(a) # 0} C Ly,. Then for N > Ny,

IF = Fxllgoee) < IF = fllaooey + ITE2F = Ti2 Fllg o0y < 2e.

It follows that Fy, — F'7 in A[lﬂ,oo) and thus M o) (FN) — Mpe)(F9) as N — oo. Now
let ¢ € N. Since (4.1) is absolutely convergent,

d(fm]) - - d(ngl) ~ insi
M - F9) — q e im(sign(ny )+ 51gn(nq))/4’
0,00) (F) Z(27T\/§)q|n1--~nq|3/4

where the sum runs through all ny,...,n, € Z\ {0} with sign(ni)\/|m| + -+ +
sign (N,)+/|ng| = 0 and K(nq),...,K(n,) < N. Here K(n) denotes the squarefree kernel
of |n].

The series where the condition on the squarefree kernels is removed is absolutely con-
vergent. To see this split up the range of summation corresponding to the subscripts j for
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which the K (|n;|) have the same values. Using Besicovitch’s result shows that the series
has the majorant

q

2.2 2

=1 U UTy={1,...,q} s1,...,81EN squarefree, pairwise distinct
2 2
Z d(s1r) - -~ d(sqrg)
|1 T3], .2 2(3/4°
|Sl ...Sl rl...rq|/

r1,...,rq€Z\{0}: ZNET/\ rr=>0for 1<A<I

For the innermost sum to be non-empty it is necessary that |7, > 2 for all \. Thus for
fixed 11, ...,T; the two innermost sums have the majorant

d(si7?) - - - d(sqrg)

> (52 522 2
$15.,81EN, 71,...,rq €Z\{0} q

which is clearly convergent. Thus

M[(]’OO)(F(I) - Z d(|n1|) - d<|n¢2|1/4 o Ti(sign(n1)+--+sign(ng)) /4
ny,...,ng€Z\{0}: (27T\/§)q|n1 e nq|
sign(nl)m+...+sign(nq) |7lq|:0

Splitting up the range of summation corresponding to the subscripts j for which n; has

the same sign finishes the proof. O
In particular, for ¢ = 3,

3

3\ __
M[O,OO)(F ) - 1671-38(1,3)
and for ¢ = 4,
3
M, FY = 2,4
[0700)< ) 327T4S( ) )

corresponding to the results in [11].

5. TRANSFER OF M. RIESZ’ THEOREM
Let the assumptions of Theorem 1.6 be fulfilled. To prove (a), let 1 < ¢ < oo and define
Ag = ‘F— Z F(k)ey
|k|<K

M. Riesz’ theorem ([3], 12.10.1) states that

1
/ Ag(z)dxr — 0 as K — oc. (5.1)
0

Since the sequence (an),ez is uniformly distributed modulo 1 and Ak is Riemann inte-
grable the Weyl criterion ([6], Chapter 1, Corollary 1.1) gives

i 1
11m
N—oo 2N +1

S Ax({an}) = /0 Aw(z)dr, KeN. (5.2)

[n|<N
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By definition, the left hand side equals || f — F(k)era||”. Thus (5.1) and (5.2 give
|k|<K q

Hf — > F(k)era

[k|<K

— 0as K — oo. (5.3)
q

o~ ~

This proves (a) and f(3) = F(k) for 8 = kamod 1 (k € Z) and f(3) = 0 otherwise.
To prove (b), let 1 < p < oo and g € AP. In (a), choose 1 < ¢ < co with 1/p+1/qg=1.

Then for K € N,
i) - X Fwithal| = [ar((£- 3 Fikgew )|

k| <K |k|<K
< |- X Fwe tol
k<K a
which together with (5.3) proves (b). O
Proof of Corollary 1.7. Take F to be the characteristic function of the interval [a, b]. Then
~ e(—ka) — e(—kb) ~

F(k) = Z FO)=b-a.

(k) LA ke (0}, F0)=b-a
Applying Theorem 1.6(b) gives the first result of Corollary 1.7. If g € DP, then g(ka) = 0
for k € Z \ {0} and thus the second result follows. O

6. A HAUSDORFF-YOUNG INEQUALITY

The classical Hausdorff-Young inequality is formulated for periodic trigonometric poly-
nomials ([3], 13.5.1 or [4], Chap. 23). Fortunately the proof via the Riesz-Thorin Inter-
polation Theorem can be easily generalized to the present situation.

Proposition 6.1. Let 1 <p<2 1/p+1/g=1 (g=uifp=1). Then for f € A,
R 1/p
I, < (3 1F@r)
a€R/Z
Corollary 6.2. For 1 <p<2, 1/p+1/q=1, f € A9,
N 1/p
i< (3 1F@r)
a€R/Z

Proof of Theorem 1.8. If suffices to show that ¢ is the limit of its Fourier series in A9,
Let

A={aeR/Z|G(a) #£0} = UAj (6.1)

with A; C Ay C--- and |A;| < oo for j > 1. Corollary 6.2 gives

W—Zamas(Zm@@%

OéEAj q OLEA\AJ'
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Since
1/p
(X wr) <«
a€R/Z
the right hand side converges to 0 as j — oo. U

7. PROOF OF THEOREM 1.9

Define f(n) := f(—n), n € Z. According to Theorem 2.1(b), f X g can be chosen to lie
in A" such that for a € Z \ {0},

1

fxg(=a) = lim Cx(f,g)(~a) = lim o H;Nﬂa +n)g(n). (7.1)
On the other hand, by Theorem 2.1(d),
7 x g(a) = F(a)g(a) for a € R/Z. (7.2)

From the definition of B", Corollary 2.3 and Theorem 1.2 it follows that for h € A",
r € [1,00) U{0},

heB < h@) =0 for a ¢ Q/2, (7.3)

h(2)=h(Y) fora,beZ reN, (a,r)=(br) =1

From (7.2), (7.3) and f € B?, g € B, it follows that f x g € B*. Hildebrand’s theorem
([10], Chap. 5, Theorem 1.2) gives

fxg(=a)=) a(f x g)e,(=a), aeZ\{0}. (7.4)
r>1

(Hildebrand states the theorem for B“-functions on N rather than Z but with Proposi-

tion 4.2 it can be lifted to the present situation.) Finally, for r € N, (7.2) and (7.3)

give

a(F x ) = — M«fxg>cr>:1@(1)=?(1)a(1):ar<f>ar<g>. (75)

r

p(r) r) AT
From (7.1), (7.4) and (7.5) the theorem follows. O
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